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NOTE ON CARANTI’S METHOD OF CONSTRUCTION OF MILLER
GROUPS
RAHUL DATTATRAYA KITTURE, MANOJ K. YADAV
Abstract. The non-abelian groups with abelian group of automorphisms are widely studied.
Following Earnley, such groups are called Miller groups, since the first example of such a group
was given by Miller in 1913. Many other examples of Miller p-groups have been constructed by
several authors. Recently, A. Caranti [Israel J. Mathematics 205 (2015), 235-246] provided
module theoretic methods for constructing non-special Miller p-groups from special Miller
p-groups. By constructing examples, we show that these methods do not always work. We
also provide a sufficient condition on special Miller p-group for which the methods of Caranti
work.
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1. Introduction
In 1908, H. Hilton [10, Appendix, Q.7] posed the following question: Can a non-Abelian
group have an Abelian group of automorphisms? G. A. Miller (1913) provided positive answer
to the question. He constructed a non-abelian group of order 64 whose automorphism group is
elementary abelian of order 128 (see [14]). Following [6] we call such groups Miller groups.
After the example by Miller, the theory of Miller groups has been developed with various
examples. There are many necessary conditions for a p-group to be Miller (see [6], [8] and [16]),
but no sufficient conditions. Therefore it is difficult to construct examples of Miller groups.
Several examples of Miller groups have been constructed by various approaches (see [6],
[9], [11], [12], [13] and [15]). Many of these groups are special p-groups and are given by
simple presentations, but the techniques used, to prove that these groups are Miller, are highly
computational and considerably difficult.
Concerning these difficulties in the construction of Miller groups, A. Caranti [3, §5, §6],
among other things, provided two methods, termed here Method 1 and Method 2, to construct
non-special Miller p-group G from a special Miller p-group H (see §3 for a brief description).
The methods are interesting as these involve simple and elegant module theoretic arguments,
instead of cumbersome computations. But, unfortunately there remained a gap in the proof. In
this paper we attempt to fill up this gap in one direction which was motivated by an observation
from the first two theorems, Theorem A and B below.
Before stating our main results, we recall a terminology from [7]. According to the methods in
[3], given a special Miller p-groupH and a cyclic p-group 〈z〉 of order≥ p2, a groupG := H⋊M 〈z〉
is constructed as amalgamated semi-direct product of H by 〈z〉 (amalgamated) over a subgroup
M ≤ H ′ of order p (see [7, p.27] or §2 for the definition). With appropriate action of z on H
and some conditions on H , it was claimed in [3] that for every choice of M (of order p) in H ′
but not in Hp, G is a Miller group. We show that this is not always true.
1
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Let H = 〈a, b, c, d〉 be a p-group of class 2 with the following additional relations:
ap = [a, c], bp = [a, bcd], cp = [b, cd], dp = [b, d].
The group H is a special Miller p-group of order p10 (see Lemma 5.2). Note that 〈[a, b]〉 and
〈[a, d]〉 are subgroups of order p in H ′ but not in Hp.
Theorem A. Let H be the special Miller p-group as above, 〈z〉 a cyclic group of order p2 and
M ≤ H ′ a subgroup of order p with M * Hp. Let G1 = H ⋊M 〈z〉, where z acts trivially on H.
Then G1 is a non-special p-group and the following holds true:
(1) If M = 〈[a, b]〉, then G1 is a Miller group.
(2) If M = 〈[a, d]〉, then G1 is not a Miller group.
Theorem B. Let H be the special Miller p-group as above, 〈w〉 a cyclic group of order p3 and
M ≤ H ′ a subgroup of order p with M * Hp. Let G2 = H ⋊M 〈w〉, where w normalizes H via
the following non-inner central automorphism of H:
waw−1 = adp, wbw−1 = b, wcw−1 = c, wdw−1 = d.
Then G2 is a non-special p-group of order p
12 and the following holds true:
(1) If M = 〈[a, b]〉, then G2 is a Miller group.
(2) If M = 〈[a, d]〉, then G2 is not a Miller group.
Note that, although part (2) of the above theorems provides counter-examples for the two
methods, part (1) motivates to find a condition on the choice of M which would imply that G is
a Miller group. We provide a sufficient condition on the choice ofM for which the methods work.
This condition is stated in the following theorems, for which we set some common hypotheses.
(i) Let H be a special Miller p-group such that Hp < H ′ and the mapH/H ′ → Hp, hH ′ 7→ hp
is injective.
(ii) Let M be a subgroup of order p in H ′ but not in Hp.
Theorem C. With H and M as in (i) and (ii) above, let G1 = H⋊M 〈z〉, where z acts trivially
on H, o(z) = p2. If H/M is a special Miller p-group, then G1 is a (non-special) Miller group.
Let H also satisfy the following condition:
(iii) H ′ is freely generated by [xi, xj ], 1 ≤ i < j ≤ n, provided {x1, . . . , xn} is a minimal
generating set for H .
Theorem D. With H and M as in (i) to (iii) above, let G2 = H⋊M 〈w〉, where o(w) > p2 and
w acts on H via a non-inner central automorphism of H. If H/M is a special Miller p-group,
then G2 is (non-special) Miller group.
2. Notations and Preliminaries
We start by setting some notations for multiplicatively written finite p-group G. By Z(G),
Φ(G) and G′ = γ2(G), we denote, respectively, the center, the Frattini subgroup and the com-
mutator subgroup of G. The index of a subgroup H in G is denoted by [G : H ]. We write
[a, b] = aba−1b−1. The automorphism group of G is denoted by Aut(G). For a p-group G, we
set Ωn(G) = 〈g : g
pn = 1〉 and Gp = 〈gp : g ∈ G〉. Throughout the paper, p will denote an odd
prime. We denote by Fp, the finite field of order p. We write the maps on the left.
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An automorphism ϕ of a group G is said to be a central automorphism if it induces identity
automorphism on G/Z(G), or equivalently if it commutes with every inner automorphism of G.
Let Autcent(G) denote the group of all the central automorphisms of G. Note that if Aut(G) is
abelian, then Autcent(G) = Aut(G), i.e. every automorphism of G is central.
The following lemma will be frequently used in the paper without reference.
Lemma 2.1. If G is a p-group of nilpotency class 2 then for all a, b, c ∈ G,
[ab, c] = [a, c][b, c] and [a, bc] = [a, b][a, c].
We recall a generalization of semi-direct product according to [7, p. 28].
Definition 2.2. A group G is said to be an amalgamated internal semi-direct product of sub-
groups H by K over M , written G = H ⋊M K, if H E G, G = HK and H ∩ K = M . In
particular, if [H,K] = 1 then M ⊆ Z(G), and we call G the central product of H by K over M ,
written G = H ×M K.
Remark 2.3. Let H,K be groups, M ≤ H , ψ : K → Aut(H) a homomorphism, and θ : M →
K an injective homomorphism with θ(M) E K. Assume that θ and ψ satisfy the following
compatibility conditions: for all h ∈ H , k ∈ K, and m ∈M ,
hψ(θ(m)) = hm and θ(mψ(k)) = (θ(m))k,
where xy := yxy−1. Then the quintuple (H,K,M,ψ, θ) defines a group G of the form G = H K
where H E G, H ∩ K = M E K and H,K,M are isomorphic to H,K,M respectively, such
that the action of K on H corresponds to the action of K on H via ψ (see [7, p. 27-28]). We
still write G := H ⋊M K and call the amalgamated external semi-direct product of H by K over
M . It is often convenient to make no distinction between internal and external amalgamated
semi-direct products.
The following result is well-known.
Lemma 2.4. [17, Exercise 6, p.78] Let G be a finite group and N a normal subgroup of G.
Then the set of automorphisms of G which are identity on N as well as on G/N form an
abelian subgroup of Aut(G) whose exponent divides the exponent of N .
We recall some results on Miller groups.
Theorem 2.5. [8, §2, §3] If H is a Miller p-group, then the following holds true:
(i) H has no direct abelian factor.
(ii) Every automorphism of H is identity on H ′.
Theorem 2.6. [6, p.15] If G is a Miller p-group then Z(G) and Φ(G) are non-cyclic.
Theorem 2.7. [5, Main Theorem] If G is a finite p-group, then Autcent(G) = Inn(G) if and
only if Z(G) = G′ and Z(G) is cyclic.
Let G = A× B be a finite group. Let iA, iB denote the natural injections from A,B respec-
tively into G and piA, piB the natural projections from G onto A,B respectively. For ϕ ∈ Aut(G),
define α = piAϕiA, β = piAϕiB, γ = piBϕiA and δ = piBϕiB. Then for a ∈ A, b ∈ B and
ϕ ∈ Aut(A×B), we have ϕ(a) = α(a)γ(a) and ϕ(b) = β(b)δ(b). It is obvious that
α ∈ End(A), β ∈ Hom(B,A), γ ∈ Hom(A,B), and δ ∈ End(B).
The following result follows from [1, Theorem 3.2].
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Theorem 2.8. With the above set up, suppose, A and B have no common direct factor. Then
α ∈ Aut(A), β ∈ Hom(B,Z(A)), γ ∈ Hom(A,Z(B)) and δ ∈ Aut(B).
3. Caranti’s methods
In this section, we briefly describe the methods of Caranti in group theoretic set up. A p-
group H is said to be a special p-group if Z(H) = H ′ = Φ(H). Let H be special p-group with a
presentation
H =
〈
x1, x2, . . . , xn : [xi, xj , xk] = 1,
[xi, xj ]
p = 1,
xpi =
∏
j<k
[xj , xk]
cijk ,
∏
j<k
[xj , xk]
dljk = 1, l = 1, 2, . . . , t
〉
,
(*)
where cijk, dljk ∈ Z. Further, we have a well defined map
f : H/H ′ → Hp, f(xH ′) = xp.
The quotient group H/H ′ can be viewed as a vector space over Fp. Every ϕ ∈ Aut(H) induces
an automorphism α on H/H ′. On the other hand, suppose that α is an automorphism of H/H ′.
The action of α on H/H ′ = H/Z(H) completely determines its action on H ′ by
αˆ : H ′ → H ′, αˆ([x, y]) = [α(xH ′), α(yH ′)],
and if α ∈ Aut(H/H ′) is induced by an automorphism ϕ of H , then the action of αˆ on H ′
coincides with the restriction of ϕ to H ′.
Lemma 3.1. Let H be a special p-group with presentation as in (*). Then the following state-
ments hold true.
(i) An automorphism α of H/H ′ is induced by an automorphism of H if and only if αˆ ◦ f =
f ◦ α.
(ii) Consequently, Aut(H) = Autcent(H) if and only if
{α ∈ Aut(H/H ′) : αˆ ◦ f = f ◦ α} = {I}.
Proof. See [3, §3]. 
We now briefly describe the methods of Caranti [3, §5, §6].
Method 1: To construct Miller p-group G with G′ = Φ(G) < Z(G)
Let H be a special Miller p-group satisfying the following conditions:
(I) The map f : H/H ′ → Hp, f(xH ′) = xp is injective (so |Hp| = |H/H ′|).
(II) Hp < H ′.
Suppose that H has presentation (*). Let M ≤ H ′ be a subgroup of order p with M * Hp.
Let G = H ×M 〈z〉, where o(z) = p
2. Then G = 〈x1, . . . , xn, z〉 and
G′ = H ′, Φ(G) = Φ(H), Z(G) = 〈Z(H), z〉.
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Therefore, G′ = Φ(G) < Z(G), i.e. G is non-special p-group. Finally, it is proved in [3], that
every automorphism of G is central, in the following way. A given ϕ ∈ Aut(G) induces an
automorphism α on the vector space V = G/Φ(G) = 〈x¯1, . . . , x¯n, z¯〉. Since Z(G) and Φ(G)
are characteristic subgroups of G, α leaves Z(G)/Φ(G) = 〈z¯〉 invariant, and therefore induces
an automorphism on V/〈z¯〉 = 〈x¯1, . . . , x¯n〉 ∼= H/Φ(H), which we still denote by α. Then it is
concluded, without proof, in [3, p. 243] that α satisfies the condition
αˆ ◦ f = f ◦ α.
Equivalently, by Lemma 3.1(i), the automorphism α of H/H ′ is induced by an automorphism
of H . We show, by an example in §5, that this is not always true, and G may not be a Miller
group.
Method 2: To construct Miller p-group G with G′ < Φ(G) = Z(G)
Let H and M be as in Method 1. Let H satisfies the following additional condition:
(III) H ′ is freely generated by [xi, xj ], 1 ≤ i < j ≤ n, provided {x1, . . ., xn} is a minimal
generating set for H .
Thus |H | = pn+(
n
2). Since H is a special Miller group, by Theorems 2.6 and 2.7, H possesses
a non-inner central automorphism, say γ. (In [3], the central automorphism γ is chosen in such
a way that the induced map H/H ′ → Z(H), xH ′ 7→ x−1γ(x) is injective [3, p. 244], only to
ensure that γ is not an inner automorphism.) Let the presentation of H be as in (*). Let
G = H ⋊M 〈z〉, where z normalizes H in the following way.
zxiz
−1 = γ(xi), z
pm ∈ H ′ \Hp,m ≥ 2.
Note than o(z) = pm+1 ≥ p3. By Theorem 2.5(ii) and Lemma 2.4, Aut(H) is elementary abelian.
Then zpxiz
−p = γp(xi) = xi for all i, i.e. z
p ∈ Z(G). Thus, we have
Z(G) = 〈Z(H), zp〉 = 〈Φ(H), zp〉 = Φ(G).
Further, since γ is a central automorphism,
[z, xi] = zxiz
−1x−1i = γ(xi)x
−1
i ∈ Z(H) = H
′.
Therefore G′ = H ′. Since zp
m
∈ H ′ with m ≥ 2 and zp /∈ H ′ = G′, G′ < Φ(G). Then it is
proved in [3] that G is a Miller group, in the following way. Let ϕ ∈ Aut(G). Then ϕ induces
an automorphism on G/Z(G) = G/Φ(G) = 〈x¯1, . . . , x¯n, z¯〉. Since
Ω2(G) = 〈g : g
p2 = 1〉 = 〈x1, . . . , xn, z
pm−1〉
is characteristic, ϕ leaves this subgroup invariant and induces an automorphism α on the quotient
Ω2(G)Φ(G)/Φ(G) = 〈x¯1, . . . , x¯n〉 ∼= H/Φ(H). Then it is concluded, without proof, in [3, p. 244]
that α satisfies the condition
αˆ ◦ f = f ◦ α,
i.e. (again by Lemma 3.1(i)) the automorphism α of H/H ′ is induced by an automorphism of
H . Again we show, by an example in §5, that this is not always true, and G may not be a Miller
group.
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4. A substitute for the methods of Caranti
In this section, we fill up the gaps in the methods discussed in the preceding section by provid-
ing a sufficient condition on the choice of the subgroup M , which is used for the amalgamation
in both the methods.
Proof of Theorem C. Let H,M, 〈z〉 and G1 be as stated in the hypothesis of the theorem. For
simplicity, write G1 = G. We have G = 〈H, z〉. Note that M = H ∩ 〈z〉 = 〈z
p〉.
Suppose that H = H/M is a Miller group. Since Z(G) = 〈Z(H), z〉, Z(G)p = 〈zp〉 = M is
characteristic subgroup of G.
Claim 1: Every automorphism of G/M is central.
Let ψ be an automorphism of G/M . Note that
G
M
=
H
M
×
〈z〉
M
=: H × 〈z¯〉.
Let iH , i〈z¯〉 denote the natural injections from H , 〈z¯〉 respectively into H × 〈z¯〉, and piH , pi〈z¯〉,
the natural projections of H × 〈z¯〉 onto H , 〈z¯〉 respectively. The automorphism ψ of H × 〈z¯〉
uniquely determines the four components
αˆ = piHψiH ∈ End(H) βˆ = piHψi〈z¯〉 ∈ Hom(〈z¯〉, H),
γˆ = pi〈z¯〉ψiH ∈ Hom(H, 〈z¯〉), δˆ = pi〈z¯〉ψi〈z¯〉End(〈z¯〉).
Since |〈z¯〉| = p, by Theorem 2.5(i), H and 〈z¯〉 have no common direct factor. By Theorem 2.8,
αˆ ∈ Aut(H), γˆ ∈ Hom(H, 〈z¯〉) and for any x ∈ H , ψ(x) = αˆ(x)γˆ(x).
Since H is a Miller group, for any x ∈ H we have x−1αˆ(x) ∈ Z(H). Thus
x−1ψ(x) = x−1αˆ(x)γˆ(x) ∈ Z(H)× 〈z¯〉 = Z(H × 〈z〉), for all x ∈ H.
Since z¯ is central in H × 〈z¯〉, the last equation implies that ψ is a central automorphism of
H × 〈z¯〉. This proves the claim.
Claim 2: Every automorphism of G is central.
Both H and H = H/M are special p-groups and M ⊆ γ2(H) = Z(H), hence Z(H) =
γ2(H) = γ2(H)/M = Z(H)/M . Then
Z(G/M) = Z(H × 〈z¯〉) = Z(H)× 〈z¯〉 =
Z(H)
M
×
〈z〉
M
=
Z(H)〈z〉
M
=
Z(G)
M
.
Since M is characteristic in G, any ϕ ∈ Aut(G) induces an automorphism on G/M , which is
central (by Claim 1). It follows that ϕ is a central automorphism of G.
Claim 3: Aut(G) is abelian.
Let ϕ ∈ Aut(G) and {x1, . . . , xn} be a minimal generating set for H . Then {x1, . . . , xn, z}
is a minimal generating set for G and (as seen in Method 1, §3) Φ(G) < Z(G) = 〈Z(H), z〉 =
〈Φ(G), z〉. Now G/Φ(G) is a vector space with {x˜1, . . ., x˜n,z˜} as a basis, and Z(G)/Φ(G) = 〈z˜〉
is a ϕ-invariant subspace. Thus, if
ϕ(x˜j) =
n∑
i=1
αij x˜i + λj z˜j and ϕ(z˜) = µz˜, (j = 1, . . . , n),
NOTE ON CARANTI’S METHOD OF CONSTRUCTION OF MILLER GROUPS 7
then the matrix of the action of ϕ on G/Φ(G) is[
α 0
λ µ
]
, α = [αij ]n×n, λ = [λ1 · · · λn].
Here α is the matrix of the action of ϕ on G/Z(G) = 〈x˜1, . . . , x˜n〉 with basis {x˜1, . . . , x˜n},
which is, by Claim 2, identity. Thus, α = In×n in the above matrix. From here onwards,
we can continue the arguments of [3] (p. 243, after proving that α = 1) to conclude that
Aut(G) = Aut(G1) is abelian. 
Proof of Theorem D. We have H,M, 〈w〉 and G2 = H ⋊M 〈w〉 be as stated in the theorem. We
have o(w) = pm+1 ≥ p3, and M = H ∩ 〈w〉, a subgroup of order p in H ′ but not in Hp. Then
wp
m
∈ H ′ \Hp. Further (as seen in §3), Φ(G2) = Z(G2) = 〈Z(H), w
p〉.
Set z = wp
m−1
and G1 = H〈z〉. Then o(z) = p
2, and z centralizes H (for, m ≥ 2 so
〈z〉 = 〈wp
m−1
〉 ⊆ 〈wp〉 ⊆ Z(G)). Thus, G1 satisfies the hypothesis in Theorem C, G1 is a Miller
group. Now G1 is characteristic subgroup of G2, since
G1 = Ω2(G2) = 〈g ∈ G : g
p2 = 1〉.
Let {x1, . . . , xn}, a minimal generating set for H . Then {w, x1, . . . , xn} is a minimal generating
set for G2. Now G2/Z(G2) is a vector space over Fp with {w¯, x¯1, . . ., x¯n} as a basis. Thus, if
ϕ ∈ Aut(G2) then ϕ acts on G2/Z(G2) and the subspace Ω2(G2)Z(G2)/Z(G2) = 〈x¯1, . . ., x¯n〉
is ϕ-invariant. Thus, if
ϕ(w¯) = τw¯ +
n∑
j=1
σj x¯j and ϕ(x¯i) =
n∑
j=1
αij x¯i, (i = 1, 2, . . . , n),
then the matrix of the action of ϕ on G2/Z(G2) w.r.t. the above basis is[
τ 0
σ α
]
,
where τ ∈ Fp, σ = [σ1 · · ·σn]t and α = [αij ]n×n. Recall that G1 is a Miller group which is
characteristic in G2. Hence ϕ is identity on G1/Z(G1). In particular ϕ(xi) ≡ xi (mod Z(G1)).
But, since m ≥ 2,
Z(G1) = 〈Z(H), z〉 = 〈Z(H), w
pm−2 〉 ≤ 〈Z(H), wp〉 = Z(G2);
it follows that ϕ(xi) ≡ xi (mod Z(G2)), i.e. α = In in the above matrix. This conclusion now
allows us to continue the argument of [3] (p. 244, after proving that α = 1) to conclude that G2
is a Miller group.

5. Proofs of Theorems A and B
Before starting the proofs of Theorems A and B, we make a remark. Since Miller p-groups
are generated by at least 4 elements (see [16]), we have |H/H ′| ≥ p4. By conditions (I) and
(II) in §3, |H ′| > |Hp| ≥ p4. Therefore, |H | ≥ p9. If H also satisfies condition (III) in §3, then
|H | = pn+(
n
2) ≥ p4+(
4
2) = p10. There are examples of special Miller p-groups in the literature
satisfying all these conditions (see [9]), but these are of large order (p45). We start with the
following example of minimum order.
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Example 5.1. Let H = 〈a, b, c, d〉 be a p-group of class 2 with following additional relations:
ap = [a, c], bp = [a, bcd], cp = [b, cd], dp = [b, d].
It is easy to see that H is a special p-group of order p10 with
Z(H) = Φ(H) = H ′ = 〈[a, b], [a, c], [a, d], [b, c], [b, d], [c, d]〉.
Lemma 5.2. The group H in Example 5.1 is a Miller group.
Proof. For simplicity, write Z(H) = Z. Let H = H/Hp. Then H = 〈a¯, b¯, c¯, d¯〉, and the following
relations hold in H :
[a¯, c¯] = 1, [a¯, b¯c¯d¯] = 1, [b¯, c¯d¯] = 1, [b¯, d¯] = 1.
These relations can be rewritten in the following way:
[a¯, c¯] = [a¯, b¯d¯] = 1 and [b¯, c¯] = [b¯, b¯d¯] = 1.
Then these relations imply that H = 〈a¯, b¯〉 × 〈c¯, b¯d¯〉 = H1 ×H2, the internal direct product of
two non-abelian subgroups of order p3. Any hi in Hi has at most p conjugates in Hi (i = 1, 2).
Hence an element h1h2 ∈ H1 ×H2 will have exactly p-conjugates if and only if exactly one of
hi (i = 1, 2) is central in Hi. Thus, the elements in H = H1 × H2 with exactly p conjugates
constitute the sets
S1 = {a¯
ib¯jz1 : (i, j) 6= (0, 0), i, j ∈ Fp, z1 ∈ Z(H)}
and S2 = {c¯
k(b¯d¯)lz2 : (k, l) 6= (0, 0), k, l ∈ Fp, z2 ∈ Z(H)};
hence S1∪S2 is a characteristic subset ofH. Given any xi ∈ Si, the only elements in S1∪S2 which
do not commute with xi lie within Si, hence an automorphism of H either interchanges S1, S2
or leaves them invariant. Note that 〈S1〉 = 〈a¯, b¯, Z(H)〉 and 〈S2〉 = 〈c¯, b¯d¯, Z(H)〉. Consequently,
in H , any automorphism either interchanges the subgroups 〈a, b, Z〉 and 〈c, bd, Z〉 or leaves them
invariant.
Let A = 〈a, b, Z〉, B = 〈c, bd, Z〉. Then Ap = 〈ap, bp〉, Bp = 〈cp, bpdp〉. Next, there is x ∈ A
such that Ap ≤ [x,H ]. For
〈ap, bp〉 = 〈[a, c], [a, bcd]〉 ≤ [a,H ].
But, it can be shown that, there is no y ∈ B such that Bp ≤ [y,H ]. Hence A and B can not be
interchanged by any automorphism of H , they must be characteristic subgroups of H .
Now, the only elements x ∈ A with Ap ≤ [x,H ] are the elements aiz, where i 6= 0 and z ∈ Z;
these elements together with Z generate the characteristic subgroup 〈a, Z〉 of H . Then 〈a, Z〉p =
〈ap〉 is characteristic in H , and one can see that for arbitrary ci(bd)jz in the characteristic
subgroup B,
〈ap〉 ≤ [ci(bd)jz,H ] if and only if j = 0 and i 6= 0.
Thus the elements ciz, where i 6= 0 and z ∈ H , together with Z generate the characteristic
subgroup 〈c, Z〉 of H . Then 〈c, Z〉p = 〈cp〉 is characteristic in H . We can see that
〈cp〉 ≤ [aibjz,H ] if and only if i = 0 and j 6= 0
and 〈cp〉 ≤ [ci(bd)jz,H ] if and only if i = j 6= 0.
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We get, as before, that 〈b, Z〉 and 〈cbd, Z〉 are characteristic subgroups of H . Note that cbdZ =
bcdZ, since H/Z is abelian. We have obtained the following characteristic subgroups of H :
〈a, Z〉, 〈b, Z〉, 〈c, Z〉, 〈bcd, Z〉.
As a consequence, for any automorphism ϕ of H , we have
ϕ : a 7→ aiz1, b 7→ b
jz2, c 7→ c
kz3, bcd 7→ (bcd)
lz4,
where i, j, k, l ∈ F×p and z1, z2, z3, z4 ∈ Z. Let
ϕ(d) = arbsctduz′, (r, s, t, u ∈ Fp, z
′ ∈ Z).
(i) Applying ϕ to the relation [a, c] = ap gives k = 1.
(ii) Applying ϕ to the relation [a, bcd] = bp gives il = j.
(iii) Applying ϕ to the relation [b, cd] = cp (i.e. [b, bcd] = cp) gives jl = 1.
(iv) Apply ϕ to the relation [b, d] = dp and express p-th powers as commutators:
[bjz2, a
rbsctduz′] = arpbspctpdup,
which on simplification gives
[a, b]−jr[b, c]jt[b, d]ju = [a, c]r[a, b]s[a, c]s[a, d]s[b, c]t[b, d]t[b, d]u.
Comparing coefficients of [a, c] and [a, d], we get r + s = 0, s = 0; hence r = s = 0 and
[b, c]jt[b, d]ju = [b, c]t[b, d]t+u (∗∗).
This implies that
jt = t and ju = t+ u.
If j 6= 1 then t = 0 and ju = u, hence u = 0. But then ϕ(d) = z′ ∈ Z, a contradiction (since
d /∈ Z). Hence j = 1, and using this in (ii) and (iii) we get i = l = 1. Thus ϕ is identity
modulo Z on {a, b, c, bcd}. Since a, b, c, bcd generate H , ϕ is identity on H/Z(H) and so is on
H ′ = Z(H) (by [8, §2]). Thus by Lemma 2.4, Aut(G) is elementary abelian. 
We are now ready to prove Theorems A and B. Let H be the group as in Example 5.1. Note
that [a, b], [a, d] ∈ H ′ \Hp.
Proof of Theorem A. We have G1 = H ×M 〈z〉 with o(z) = p
2 and M = H ∩ 〈z〉 = 〈zp〉 a
subgroup of order p in H but not in Hp.
(1) Suppose M = 〈[a, b]〉. To show that G1 is a Miller group, by Theorem C, it suffices to
show that H/M is a special Miller p-group. Thus G1 = 〈a, b, c, d, z〉.
Write H = H/M = H/〈[a, b]〉. The following relations hold in H = 〈a¯, b¯, c¯, d¯〉:
1 = [a¯, b¯], a¯p = [a¯, c¯], b¯p = [a¯, b¯c¯d¯], c¯p = [b¯, c¯d¯], d¯p = [b¯, d¯].
It follows easily that H is special p-group. It remains to show that H is a Miller group, which
can be proved almost by similar arguments as in the proof of Lemma 5.2, hence we only sketch
the proof.
The above relations in H imply that A = 〈a¯, b¯, Z(H)〉 is unique abelian subgroup of index
p2 in H , hence it is characteristic in H . Then Ap = 〈a¯p, b¯p〉 is characteristic in H . For x ∈ H
one can see that [x,H ] ≤ Ap if and only if x ∈ 〈a, Z(H)〉. Thus, B = 〈a, Z(H)〉 is characteristic
subgroup of H, and so is Bp = 〈ap〉.
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Consider H˜ = H/Bp. Then H˜ = 〈a˜, b˜, c˜, d˜〉, and following relations hold in H˜:
[a˜, c˜] = [a˜, b˜] = 1 and b˜p = [a˜, d˜], c˜p = [b˜, c˜d˜], d˜p = [b˜, d˜].
From these relations, one can see that the elements of 〈a˜, b˜, c˜, Z(H)〉 have at most p2 conjugates,
while other elements have p3 conjugates in H˜. Hence 〈a˜, b˜, c˜, Z(H˜)〉 is characteristic in H˜.
Consequently, 〈a¯, b¯, c¯, Z(H)〉 is characteristic in H. Thus,
Z(H) < 〈a¯, Z(H)〉 < 〈a¯, b¯, Z(H)〉 < 〈a¯, b¯, c¯, Z(H)〉 < H
is a series of characteristic subgroups in H . Thus for any ϕ ∈ Aut(H)
ϕ(a¯) = a¯i1z1, ϕ(b¯) = a¯
i2 b¯j2z2, ϕ(c¯) = a¯
i3 b¯j3 c¯k3z3 ϕ(d¯) = a¯
i4 b¯j4 c¯k4 d¯l4z4,
for some z1, z2, z3, z4 ∈ Z(H). Using the relations in H , one can deduce that ϕ is identity on
H/Z(H). Since H is a special p-group, Aut(H) is elementary abelian, i.e. H is a Miller group.
(2) Suppose M = H ∩ 〈z〉 = 〈[a, d]〉. Since M = 〈zp〉, we can assume, without loss of
generality, that zp = [a, d]. Thus G1 = 〈a, b, c, d, z〉 and the following relations hold in G1:
ap = [a, c], bp = [a, bcd], cp = [b, cd], dp = [b, d],
[z, a] = [z, b] = [z, c] = [z, d] = 1, zp = [a, d].
To show that G1 is not a Miller group, consider the following map:
ϕ : a 7→ az, b 7→ bz, c 7→ cd, d 7→ d, z 7→ z.
It is easy to see that ϕ respects all the relations in G1. Clearly, ϕ(c) 6≡ c mod Z(G1). It follows
that ϕ is a non-central automorphism and Aut(G1) is non-abelian. 
Proof of Theorem B. We have following relations in H = 〈a, b, c, d〉, the p-group of class 2:
(R1) ap = [a, c], bp = [a, bcd], cp = [b, cd], dp = [b, d].
It is easy to see that the map
γ : a 7→ adp, b 7→ b, c 7→ c, d 7→ d
extends to a central automorphism of H , and it not inner since
[a,H ] = 〈[a, b], [a, c], [a, d]〉 = 〈bpa−p[a, d]−1, ap, [a, d]〉 = 〈ap, bp, [a, d]〉
and dp /∈ [a,H ]; hence a is not conjugate to adp.
Define G2 = H ⋊M 〈w〉, where M = H ∩ 〈w〉 is a subgroup of order in H ′ but not in Hp,
o(w) = p3 and w normalizes H in the following way:
(R2) waw−1 = adp, wbw−1 = b, wcw−1 = c, wdw−1 = d.
Then G2 is p-group of order p
12, and
Φ(G2) = Z(G2) = 〈Z(H), z
p〉, G′2 = H
′.
(1) Suppose M = H ∩ 〈w〉 = 〈[a, b]〉. From the proof of Theorem A, H/M is a special Miller
p-group. Therefore, by Theorem D, G2 is Miller group.
(2) Suppose that M = H ∩ 〈w〉 = 〈[a, d]〉. Since |H ∩ 〈w〉| = p and o(w) = p3, we have
〈[a, d]〉 = H ∩ 〈w〉 = 〈wp
2
〉. Without loss of generality, we can assume that
(R3) wp
2
= [a, d].
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Then the elements a, b, c, d, w with relations R1, R2, R3 give a presentation of G2, and it is easy
to see that the following map respects all the relations in G2:
ϕ : a 7→ awp, b 7→ bwp, c 7→ cd, d 7→ d, w 7→ w.
It follows that ϕ extends to an automorphism of G2, which is clearly non-central, and G2 is not
a Miller group. 
We conclude our paper by some analysis on certain special Miller p-groups H , in which, it
turns out that for most of the subgroups M of order p in H ′ but not in Hp, H/M is a special
Miller p-group. Consider the following p-groups H1 and H2 of class 2, for which we take same
set of generators {a, b, c, d} but they have the following relations respectively:
R1 : a
p = [a, c], bp = [a, bcd], cp = [b, cd], dp = [b, d], [c, d] = 1
and
R2 : a
p = [a, c], bp = [a, cd], cp = [b, cd], dp = [b, d].
Note that H1 and H2 are special Miller p-groups of order p
9 and p10 respectively. Also note that
H1 and H2, respectively, satisfy conditions (I)-(II) and (I)-(III) as given in §3. The following
table describes our analysis, in which M denotes a subgroup of order p in H ′i but not in H
p
i .
Group Hi Prime Number of subgroups M |{M : Hi/M is special Miller }|
3 81 76
H1 5 625 616
7 2401 2388
3 324 318
H2 5 3750 3740
7 19208 19197
We remark that the values in the above table have been computed using GAP [18] and Magma
[2].
By the above analysis, the following question arises.
Question: Let H be a special Miller p-group satisfying one of the following conditions:
(1) |H/H ′| = |Hp| and Hp < H ′.
(2) |H/H ′| = |Hp|, Hp < H ′ and H ′ is freely generated by {[xi, xj ] : 1 ≤ i < j ≤ n} provided
{x1, . . . , xn} is a minimal generating set for H.
Does there exist a subgroup M of order p in H ′ but not in Hp such that H/M is a special
Miller p-group?
If this question has an affirmative answer, then we can always construct a non-special Miller
p-group from a special Miller p-group H satisfying condition (1) or (2) by Carant’s methods, as
illustrated in Theorems C and D.
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